We report all phases and corresponding critical lines of the quantum anisotropic transverse XY model with Dzyaloshinskii-Moriya (DM) interaction along with uniform and alternating transverse magnetic fields (ATXY) by using appropriately chosen order parameters. We prove that when DM interaction is weaker than the anisotropy parameter, it has no effect at all on the zero-temperature states of the XY model with uniform transverse magnetic field which is not the case for the ATXY model. However, when DM interaction is stronger than the anisotropy parameter, we show appearance of a new gapless phase -a chiral phase -in the XY model with uniform as well as alternating field. We further report that first derivatives of nearest neighbor two-site entanglement with respect to magnetic fields can detect all the critical lines present in the system. We also observe that the factorization surface at zero-temperature present in this model without DM interaction becomes a volume on the introduction of the later. We find that DM interaction can generate bipartite entanglement sustainable at large times, leading to a proof of ergodic nature of bipartite entanglement in this system, and can induce a transition from non-monotonicity of entanglement with temperature to a monotonic one.
I. INTRODUCTION
Quantum phase transitions [1] , observed at zero temperature in many-body systems, are one of the striking phenomena in quantum mechanics which occurs solely due to quantum fluctuations in the system. Detecting such transitions, and thereby establishing quantum nature of a system, have attracted lot of attention over decades. Understanding of interacting quantum spin Hamiltonian except few models, however remains limited, especially due to unavailability of analytical as well as numerical methods for handling large system-size. On the experimental front, tremendous scientific and technological advancement in cold atomic systems [2, 3] , superconducting materials [4] , nuclear magnetic resonance (NMR) molecules [5] (see also [6] ), etc. opens up the possibilities to realize and examine properties of spin models in the laboratory, apart from finding them in solid state systems.
Quantum entanglement [7] is a physical quantity which quantifies a certain quantumness in multiparticle quantum states. It has been established over the last two decades or so that it is an essential ingredient in quantum information processing tasks which are more efficient than their classical counterparts. Examples include quantum dense coding [8] , quantum teleportation [9] , entanglement based quantum key distribution [10] , quantum circuits [11] .The resources of such tasks are entangled quantum states, which can often be the ground states of many-body interacting Hamiltonians, realizable in currently available technology [12] [13] [14] . Furthermore, the recent progress of research in topological quantum computation, especially topological quantum memories, takes us one step closer towards the goal of physical realization of a quantum computer [15] , which further strengthens the importance of analyzing quantum correlation in quantum many-body systems. Machinery borrowed from quantum information theory [16, 17] have proven to be useful in developing new techniques to handle condensed matter systems. Apart from the fundamental importance of studying zero-temperature and thermal equilibrium states, correlations generated in the timeevolution of many-body systems can be important in different directions, ranging from observation of dynamical phase transitions [18] , and answering statistical-mechanical questions like ergodicity of quantum observables [19] [20] [21] [22] , to quantum gate implementation [11] .
Most of these studies, where investigations of equilibrium as well as dynamical nature of entanglement are carried out, are restricted to spin models with symmetric spin-spin interactions such as Ising, XY, Heisenberg, XYZ, etc. [12, 14] . However, there exists certain systems like α−Fe 2 O 3 , MnCO 3 , where the states show weakly ferromagnetic behavior in spite of being antiferromagnetic in nature. To explain such behavior, Dzyaloshinskii [23] and Moriya [24] introduced an antisymmetric spin-spin interaction term in the Hamiltonian, popularly known as Dzyaloshinskii-Moriya (DM) interaction, by considering the spin-orbit coupling in superexchange mechanism [25] . Like some other one-dimensional quantum spin models, spin chain with DM interaction can in certain instances be mapped to a Hamiltonian of spinless fermions [26] or hardcore bosons [27] and thus can be realized e.g in cold atoms [28, 29] as well as in NMR systems [30] , thereby providing possibilities to examine the effects of DM interaction in laboratories. The behavior of quantum correlations in the ground and thermal states of the quantum XY and the Heisenberg models with DM interaction have recently been investigated [31] .
Recent studies show that an alternating transverse field in an anisotropic quantum XY model along with uniform field (ATXY) can lead to a rich quantum phase diagram [32] and, at the same time, such model can generate highly entangled states, at the zero and finite temperatures, as well as in the time-evolution [21] , for certain choices of parameters. Therefore, one can expect more complex phase boundaries as well as prediction of new physics in static and dynamic states of a system with the introduction of DM interaction in the ATXY model. In this paper, we find that this is indeed the case. For the XY model having uniform transverse field (UXY), we find closed analytical expressions for two-site classical correlators as well as magnetizations (and hence bipartite entanglement) of the zero-temperature as well as of thermal and time-evolved states. In this case, we prove that when the strength of the DM interaction is strictly less than the anisotropy of the exchange coupling, the system at the zero-temperature is insensitive to DM interaction and hence all the physical properties including entanglement of the zero-temperature state remain unaltered. However, this is not the case when the alternating field is introduced or when the DM interaction is stronger than the anisotropy parameter in the x − y direction.
In presence of DM interaction, we identify all the phase boundaries of the ATXY model by suitably choosing the order parameters. Specifically, we establish three distinct phases when DM interaction is weaker than the anisotropy parameter of coupling -antiferromagnetic (AFM), paramagnetic-I (PM-I) and paramagnetic-II (PM-II) in which only AFM to PM-II transition depends on the strength of the DM interaction. Although DM interactions were typically found to be weak compared to other nearest-neighbor interactions, recent theoretical as well as experimental investigations show that the ratio between DM and other interactions can be finite [33] . Motivated by these results, we consider finite DM interaction (including of the order of nearest neighbor interactions) in the ATXY model and report a new phase, the gapless chiral (CH) phase, that emerges in place of the AFM one. We also find two quantum critical lines -CH to PM-I and CH to PM-II, both of which depend on the strengths of uniform as well as altenating fields. We also observe that bipartite entanglement and its first derivatives with respect to system parameters can faithfully detect all the phases. Moreover, we find that the lower value of entanglement in the AFM phase can be enhanced by increasing the strength of the DM interaction which is possibly due to the appearance of the chiral phase. We also find that with the introduction of weak as well as strong DM interaction, the factorization surface, i.e. the surface where entanglement vanishes in the zero-temperature state of the ATXY model, becomes a volume -factorization volume following different trajectories except at the UXY model with weak DM interaction. In case of the thermal state, DM interaction induces a transition from monotonic nature of entanglement with temperature to a nonmonotonic one and vice-versa.
By considering the dynamics of the system after a quench, we find that high value of bipartite entanglement can be generated for a small time which then saturates to a positive value for large time. The saturation value increases with the increase in the strength of DM interaction, the initial state being the the canonical equilibrium state. Such investigations reveal that for obtaining sustainable entanglement in dynamics, finite values of DM interaction is always beneficial. From a statistical mechanical point of view, it was recently argued that bipartite entanglement can be ergodic as well as nonergodic in the ATXY model [21] . We show here that moderate DM interaction wipes out the nonergodic nature of bipartite entanglement, leading to ergodicity of entanglement irrespective of quantum phases.
The paper is organized as follows: Sec. II discusses the diagonalization procedure of the Hamiltonian considered. In Subsec. II A, we discuss all the analytical calculations for the uniform field case. Sec. III contains the characterization of different phases for different DM interaction strengths by using suitable order parameters. The detection of phase boundaries by entanglement, the effects of DM interaction in the thermal state, the calculation for the factorization volume in this model are reported in Sec. IV B. We discuss the sudden quenched dynamics of entanglement and consequently its ergodicity property in Sec. V, before the concluding remarks in Sec. VI.
II. MODEL AND ITS DIAGONALIZATION
We consider a family of interacting spin models consisting of spin-1/2 particles on a one dimensional (1D) lattice with N sites, described by a Hamiltonian,Ĥ =Ĥ int +Ĥ field , whereĤ int andĤ field respectively denote the interacting and local magnetic field parts of the Hamiltonian. We choose them in such a way that they do not commute, thereby leading to a non-trivial quantum critical phenomena and quantum evolution. In our case,Ĥ int consists of nearest neighbour anisotropic XY and DM interaction [23] [24] [25] while there is an external transverse magnetic field,Ĥ field , of site-dependent strength h j = h 1 + (−1) j h 2 , with j being the site index, acting on the individual spins. The magnetic field can be interpreted as the resultant of a uniform transverse field, h 1 , and an alternating transverse field, h 2 , which reverses its direction, depending on whether the lattice site is even, or odd. The Hamiltonian of this system can be represented aŝ
Here,σ α , α = x, y, z are Pauli matrices and the parameters J and D represent the strengths of the nearest neighbour couplings and DM interaction respectively, while γ ( = 0) is the x − y anisotropy. We assume periodic boundary condition (PBC), and an even number of lattice sites, such that σ α N +1 ≡σ α 1 , where α = x, y, z. Notice that for D = 0, the above Hamiltonian represents the ATXY model, which has been thoroughly studied in [21] .
The Hamiltonian in Eq. (1), via a Jordan-Wigner transformation, given bŷ (2) can be mapped onto a two-component Fermi gas of spinless fermions, on an 1D lattice consisting of two sublattices a and b. Here,σ ± α operators are related to the Pauli operators aŝ
. Two sublattices in the fermionic model is constituted by the "odd" (sublattice a) and "even" lattice sites (sublattice b), with the corresponding creation operators beingâ † andb † respectively. Applying the transformation given in Eq. (2), the form
Here φ p = 2πp/N , λ ± = λ 1 ± λ 2 , and a † p (b † p ) is fermionic operator in the momentum space. Since [Ĥ p ,Ĥ p ] = 0, the above Fourier transformation decomposes the space, upon whichĤ acts on, into non-interacting subspaces, each having a dimension 16 and they do not allow transitions within themselves, irrespective of the values of the system parameters. Therefore, the spectrum of the HamiltonianĤ can be obtained by performing diagonalization ofĤ p , acting on the p th subspace. In Appendix A, we prescribe the method to diagonalizeĤ p in details. Furthermore, we can get two-site nearest-neighbor local density matrix of the canonical equilibrium state, corresponding to an "even-odd" pair of spins, asρ 
using the same procedure mentioned in [21] . Here, the suffix e (o) corresponds to the even (odd) lattice sites, m 
where α, µ = x, y. Just like the Hamiltonian, successive applications of Eqs. (2) and (5) 
In the above equation, exp(−βĤ p ) is the canonical equilibrium state with β = 1/k B T , T and k B being the temperature of the system and the Boltzmann constant respectively and Z p is the corresponding partition function. The procedure is similar for magnetizations. The matrix forms ofĈ are given in Appendix B. Note that the zz-correlator, C zz , can be obtained using Wick's theorem as
To study the properties of the zero-temperature state ofĤ, we simply choose β → ∞.
To obtain analytical expressions of the correlators, the magnetization and other physical quantities which are functions of them, we have to diagonalize matrices of dimension 16, for which closed analytical forms are hard to obtain in terms of all the parameters involved in the system. Hence, identifications of different phases in this system requires numerical diagonalization of 16 × 16 matrix ofĤ p .The situation becomes much simpler if we turn off the alternating part of the field, i.e. h 2 = 0. In that case,Ĥ p is a matrix of dimension 4 which in turn can be further reduced to three sub-blocks of dimensions 2, 1, and 1, leading to compact analytical forms of magnetization and two-site spin correlators, discussed in the next subsection.
A. Uniform field case
We now consider the XY model with uniform field (UXY model) and DM interaction and, i.e., h 2 = 0 in Eq. (1). Instead of considering two different sublatices, we can map the Hamiltonian onto a single component Fermi gas by the following Jordon-Wigner transformation involving only one type of fermionic operator,ĉ. Instead of considering two different sublatices, we follow the Jordon-Wigner transformation involving only one type of fermionic operatorĉ [19, 35] ,
which maps the Hamiltonian onto a single component Fermi gas as [34]
Using the Fourier transformation,
p=1 H p , where the matrix form ofĤ p in the basis {|0 ,ĉ
Note that due to the DM interaction, the matrix form ofĤ p changes only in the smaller sub-blocks. We can also compute the reduced two-site nearest-neighbour density matrix between n and (n + 1)th lattice sites of the canonical equilibrium state aŝ
where C αµ and m z can be defined in a similar fashion as in Eqs. (7) and (8) (see Appendix C for details). In the thermodynamic limit (N → ∞), the correlators and magnetizations of the zero-temperature state, i.e., with β → ∞, are given in Table I (the same for thermal equilibrium state are given in Appendix C).
We find that the correlators and the magnetization of the zero-temperature state of the model given in Table I , do not depend on the value of d for d < γ, which implies that the zero-temperature state in the uniform field case is insensitive towards the DM interaction when d < γ. We highlight this by plotting the absolute difference of nearest-neighbor entanglements, quantified by logarithmic negativity (LN) [36] (see Appendix D for definition), for d = 0 and d > 0 as a function of d in Fig. 1 . It is also interesting note that the correlators and the magnetization are insensitive even for d > γ, when φ 1 and φ 2 [37], mentioned in Table I , do not have real solutions, i.e., for λ
However, the difference emerges for a canonical equilibrium state with finite temperature as shown in the succeeding sections.
With this formalism in hand, we are now ready to investigate the phase boundaries of quantum XY chain with DM interaction in the presence of uniform and alternating transverse field.
III. PHASE BOUNDARIES AT ZERO TEMPERATURE
In this section, we find out and detect different phases of the zero-temperature state of this model by using suitable order parameters and identify the corresponding critical lines along which quantum phase transitions occur. Interestingly, we show that derivative of bipartite entanglement can detect all the critical lines. For investigation, we divide the parameter range into two sub-categories, motivated by Table I - (1) Classical correlators Analytical expressions and magnetization 
, and is given bŷ
The above matrix,Ĥ p , has four eigenvalues of the from ±ω k φp , with k = 1, 2, which give us the single-particle excitation spectrum of the model, such that the spectrum of the original Hamiltonian,Ĥ, can be written in the following form.
whereν † p,k is the quasi-particle creation operator corresponding to the mode (p, k). Clearly, in the thermodynamic limit, if we have min p,k {|ω k φp |} → 0, the system will be gapless. For d < γ, substantial numerical search reveals that min p,k {|ω k φp |} may possess vanishingly small value only when φ p = 0 or π/2. For φ p = 0, we obtain
Clearly, we get |ω
2 , thereby implying a gapless line, λ
which indicates a quantum phase transition. Notice that the above critical line does not depend on the value of d. Next,
It is easy to check that |ω
giving another phase boundary as
which depends both on anisotropy and DM interaction parameters. Eqs. (18) and (20) indicate that the XY model in presence of DM interaction along with uniform and alternating transverse magnetic fields posses rich phase diagram and hence it will be interesting to characterize the quantum phases present in this model, using appropriate order parameters which we will do in next subsections. has high negative value in PM-II phase, while it possesses high positive value in PM-I phase. Both the axes are dimensionless.
Characterization of phases for d = 0
Before discussing the scenario with non-zero d, let us discuss the model with d = 0, which corresponds to the ATXY model [21] , having three different quantum phases, namely, (1) anti-ferromagnetic (AFM), (2) paramagnetic I (PM-I), and (3) paramagnetic II (PM-II) phases [21] . These three phases correspond to three distinct types of orders -(i) AFM phase has staggered magnetic order in the (x, y) plane; (ii) in PM-I phase, σ z j = m z j is uniformly ordered in the z-direction, and (iii) m z j has a staggered order in PM-II phase [38] . To distinguish AFM from the PM phases, we add a small alternating field, h x , in the x direction of magnitude 10 −8 , in units of J, to the original Hamiltonian, so that the new Hamiltonian reads asĤ
Note that the above Hamiltonian can not be diagonalized analytically and hence we use density-matrix renormalization group (DMRG) technique [17, 40] to obtain the zerotemperature state for N = 100 with open boundary condition. To identify the antiferromagnetic order, we examine the order parameter, staggered magnetization in x direction, M x , defined as Let us now move to non-zero values of d < γ. As mentioned earlier, the AFM ↔ PM-I transition line, given in Eq. (18) , remains same, while AFM ↔ PM-II critical line (Eq. (20) ) get modified with the presence of d. Specifically, a new type of order, the chiral order, gets developed in some regions of the (λ 1 , λ 2 )-plane which can be demonstrated by considering the physical quantity, known as chiral order parameter [41] , given by
As depicted in Fig. 3 , we find that in the zero-temperature state, C possess non-vanishing values in the PM-II phase and in some regions of the AFM phase, close to PM-II phase while it vanishes in PM-I. It is important to stress here that due to the DM interaction, chiral order is created, leading to C = 0, although no non-analyticity or discontinuity found around d = 0, thereby signaling the absence of quantum phase transition with d → 0. We observe that this case also the antiferromagnetic order parameter, M x , rightfully characterizes the AFM phase in the presence of non-zero DM interaction (see Fig. 4 ). We will show in the following subsection that situations will change as soon as d > γ and such changes will lead to a quantum phase transition at d = γ. Summarizing, in the case of 0 < d < γ, we show that there exists two critical lines, On top of that, a new chiral order emerges which will be prominent when DM interaction dominates over the anisotropy parameter, as we will discuss in the next subsection.
B. Phase boundaries for strong DM interactions: d > γ
Let us now study quantum phases of the zero-temperature state when d > γ, i.e., when the second term in Eq. (1) dominates over the first one. We will show that certain phase emerges in this situation due to trade-off between d and γ which has already been seen in d < γ. For a fixed values of λ 1 and λ 2 , we demonstrate a phase transition at d = γ in Fig. 5 , using the order parameters C and M
x . For demonstration, we choose three kinds of parameter values -Case-(i) the UXY model in the AFM phase; Case-(ii) the AFM phase of the ATXY model; Case-(iii) the PM-II phase of the ATXY model. Let us discuss the observations from Fig. 5 (a) .
1. In the Case-(i), chiral order parameter remains zero for non-zero d < γ and sharply becomes non-zero at d = γ.
2. In Case-(ii), C becomes non-vanishing immediately after the introduction of d although there is a sharp increase of C at d = γ.
3. In contrast, C is a smooth increasing function in the entire range of d in the PM-II phase (Case-(iii)).
The first two observations suggest that there is a second-order quantum phase transition on the onset of d = γ from AFM to a chiral ordered (CH) phase. Existence of this quantum criticality was also hinted earlier in Fig. 1 , where bipartite nearest-neighbor entanglement of the ground state shows a sharp change at d = γ. We will later show analytically that there indeed exists a critical point at d = γ. Such indication of change of phase can also be made if one studies the behavior of M x . In Fig. 5 (b) , the variation of the antiferromagnetic order parameter, M x , with d is depicted, when the systems are in the AFM phase (Case-(i) and -(ii)). In both the scenarios, we find that M x posses positive high values for d < γ, while it vanishes for d > γ. It clearly indicates that at the cost of destruction of the AFM order, a new phase, the CH phase, appears after d = γ, which will be shown below by the following theorem. Theorem. A new gapless CH phase emerges in place of AFM phase for d > γ, in the ATXY model with DM interaction. Proof. Let us we first concentrate on the UXY model with DM interaction (i.e., λ 2 = 0) for d > γ. The Hamiltonian,Ĥ p , given in Eq. (13), has four eigenvalues, Ω k,± φp , with k = 1, 2, where (25) with Λ p being defined in Table I 
, implicating the existence of a new gapless region specified by these parameter ranges. In the operator basis, (ĉ † p ,ĉ −p ), the Hamiltonian,Ĥ p , given in Eq. (13), can be written aŝ
Now, the above matrix,Ĥ p , has two eigenvalues, given by
which give us the single-particle excitation spectrum of the model. For d > γ and
become zero at φ p = φ 1(2) and φ p = −φ 1(2) respectively, so that we have quasi-particle excitations with infinitesimal energy at φ p = ±φ 1 , ±φ 2 , which gives rise to continuous gapless energy spectra above the ground state.
If we now investigate the chiral order parameter, C, we get from Table I that it is identically zero everywhere for d < γ, whereas for d > γ, we find that
This clearly shows that the chiral order gets developed in the new gapless phase, i.e., the CH phase, while for λ 2 1 ≤ 1+d 2 − γ 2 , the chiral order gets completely destroyed and we are only left with a paramagnetic (PM-I) state. Therefore, for d > γ, we obtain a quantum critical line as
for UXY model with DM interaction. Let us now focus in the case of ATXY model with DM interaction. In the presence of non-zero alternating field, i.e., λ 2 = 0, following Eqs. (15) and (16), we compute the minimum energy (i.e., min p,k {|ω k φp |}) required to excite the ground state to the first excited state for different values of d in the thermodynamic limit to find out the gapless regions. Fig. 6 points out the regions in the (λ 1 , λ 2 )-plane where this minimum excitation energy is vanishingly small. It is clear from the figure that, when d < γ, only quantum critical lines (i.e., Eqs. (24)) can have gapless excitations, whereas for d > γ, there exists indeed a gapless phase in the (λ 1 , λ 2 )-plane, whose phase boundaries are found to be as follows:
The gapless phase is found to be chiral in the ATXY model with DM interaction by studying the chiral order parameter C (see Fig. 7 ). It is interesting to note that the critical line, given in Eq. (20) , becomes λ 1 = ±λ 2 for d = γ and remains same for higher values of d, which can not be explained by using Eq. (20) .
IV. DETECTION OF PHASE BOUNDARIES BY ENTANGLEMENT
In this section, we will demonstrate that the first derivatives of quantum entanglement of nearest-neighbor two-site reduced density matrix of the zero-temperature state of the ATXY model with d > 0 can detect all the critical lines discussed above.
We now explore the behavior of the nearest-neighbor entanglement, as measured by LN [36] , of the zero-temperature state in the thermodynamic limit. The exact computation of LN can be performed using the form of the nearest-neighbor density matrix of the zero-temperature state, given in Eqs. (6) and (14) . In Fig. 8 (a)-(c) , we map the value of LN as a function of λ 1 and λ 2 for three different values of the DM interaction strength, d, namely d = 0.5, 0.78, and 1.0. For depiction, we choose d values in such a way that d = 0.5 and 0.78 is less than γ and d = 1 > γ. The observations from the investigations of entanglement is as follows:
1. When d < γ, entanglements in PM-I and PM-II regions are higher than that in the AFM phase and the region near boundaries between PM-II and AFM posses a high amount of entanglement. Interestingly, the two site entanglement pattern itself can identify the transitions by strikingly changing its values.
2. For d > γ, when the AFM phase transforms to the CH phase, the trends of entanglement changes drastically in the neighborhood of λ 1 = λ 2 = 0, which is in CH. In particular, the low entanglement regions shift towards the PM-I → CH critical lines, and quite high amount of entangled states are created near (0, 0) point. Moreover, we notice that the entanglement content in this neighborhood, belonging to PM-II, is much higher compared to the other regions in (λ 1 , λ 2 )-plane in d < γ regime.
Note here that in the AFM phase, like the model without DM interaction, we find that there exist surfaces having vanishing entanglement which can be called as "factorization surfaces". The effects of DM interaction on these surfaces will be discussed in the succeeding subsection. Let us now see whether bipartite entanglement can accurately signal the critical lines found in the preceeding section [12, 14] (cf. [13] ). For such identification, we perform first derivatives of entanglements of the zero-temperature state, for example with respect to λ 1 (see second row of Fig. 8) , and map |∂L/∂λ 1 | in the (λ 1 , λ 2 )-plane for the same choices of d. From the figure, it is clear that the first derivative of LN diverge at AFM ↔ PM-I and AFM ↔ PM-II boundaries for d < γ. Interestingly, in case of d > γ, the derivative also diverge on the onset of CH ↔ PM-I and CH ↔ PM-II transitions. The similar feature can be seen by considering |∂L ∂λ 2 |. The results clearly establish that entanglement can accurately detect different types of quantum phases, gapped as well as gapless (cf. [42] ) and corresponding quantum critical lines, thereby establishing itself as a universal detector for identifying phase boundaries in the ATXY model.
A. Non-monotonic-to-monotonic transition in entanglement with temperature
The absolute zero-temperature is not easy to reach in experiments. And so it is interesting to investigate the patterns of entanglement of the canonical equilibrium state,ρ eq = exp(−βĤ)/Z with varying temperature as well as with d. It is expected that entanglement, bipartite as well as multipartite, goes to zero, when β → 0 since the state becomes maximally mixed while it saturates to entanglement of the zerotemperature state with high values of β. Apart from these extreme cases, it was shown that [21, [43] [44] [45] that entanglement shows a counter-intuitive behavior with respect to temperature -it increases with the increase of temperature for specific choices of system parameters -phenomena known as nonmonotonicity of entanglement with temperature. The question is whether such non-monotonic (monotonic) nature of entanglement persists in the presence of DM interaction. From the continuity argument, we can infer that the behavior remains same for small values of d which is also depicted in Fig. 9 . Interestingly, it modifies its behaviour qualitatively with the increase in the strength of d.
With the substantially high values of d < γ and suitable choices of λ 1 , and λ 2 , we observe that entanglement becomes monotonic from its non-monotonic nature with β and vice versa with the variation of d (see Fig. 9 ). For example, in the UXY model, we find that there is a non-monotonic to monotonic transition in entanglement of the thermal equilibrium state with the increase of d as depicted Fig. 9 (a) , while the opposite is seen in (b). Figure 9 also shows that the entanglement of the thermal state of the UXY model is no longer insensitive to d at reasonably high temperature which is not the case for moderately low temperature as well as for zero-temperature, confirming the result obtained in Fig. 1 . Such transition is also noticed in the AFM phase of the ATXY model as depicted in Fig. 10 . However, in case of PM-II phase of the ATXY model, such transitions are absent with β for any positive values of d (see Fig. 10 ). Specifically, the monotonic or non-monotonic characteristics of entanglement with temperature does not change even in presence of d in the PM-II phase. Moreover, for lower values of the anisotropy parameter, γ, such transitions can be seen in the PM-I also. Therefore, the transition observed here crucially depends on the phases on which the system belongs as well as on the value of the anisotropy parameter. It is also interesting to note that, with high enough d > γ, except very small regions in the CH, almost all the regions in (λ 1 , λ 2 )-plane shows monotonic entanglement variation with β ( Fig. 10 (d) ).
B. Factorization volumes
In the AFM phase of the ATXY model, the zerotemperature state contains surfaces, given by
which possess vanishing bipartite as well as multiprtite entanglement [21, 43, 46, 47] . The state in this surface is doubly degenerate and they are product across every bipartitions, thereby the name "factorization surfaces". In the UXY model, i.e. when λ 2 = 0, the surface reduces to a circle in (λ 1 − γ)-plane, which represents a point for fixed γ with λ 1 = ± 1 − γ 2 . At this point, it is natural to ask whether there is any effects of DM interaction on these surfaces. We find here that in presence of DM interaction in the ATXY model, factorization surfaces become volumes at zero-temperature except at the point corresponding to the UXY model -we call them factorization volumes. Specifically, we observe that till d < γ, these surfaces shift slowly towards the boundary of PM-I and AFM phases except in the UXY model, and the volume containing vanishing entangled states increases with the strength of d. In contrast, when d > γ, the factorization volumes of the UXY as well as the ATXY models deviate faster towards PM-I ↔ AFM critical lines in comparison with the case of d < γ, as depicted in Figs. 11 and 8 . Hence the results obtained here shows that at zero-temperature, entanglement can be generated with the help of moderate DM interaction in the entire factorization volumes of the ATXY model at the cost of relocating the volumes towards the quantum critical lines (cf. [43] ).
V. SUSTAINABLE ENTANGLEMENT AFTER SWITCHING ON DM INTERACTION
Upto now, we have studied the system either at zero or at finite temperatures. We now move to investigate the behavior of entanglement with time. When the evolution is governed by the time dependent version of the Hamiltonian, given bŷ
Such study of dynamics of entanglement plays a crucial role in realization of quantum technology [11] . Investigations are carried out by analyzing the response of the model with DM interaction to a sudden quench of both the uniform and the alternating parts of the magnetic field. The quenching is performed as
Like in the previous static cases, finding a closed form of any physical quantities with time for the ATXY model with DM interaction is analytically hard. However, if we consider the zero-temperature state of the UXY model with DM interaction, given in Eq. (32) with h 2 = 0, as an initial state, and evolve the system according toĤ(t), we can obtain all the two-site classical correlators and transverse magnetizations for t ≥ 0 and hence can investigate the dynamics of bipartite entanglement of the time-evolved state.
First of all, we note that m x (t) = m y (t) = 0 and C xz (t) = C zx (t) = C yz (t) = C zy (t) = 0 of the evolved state of the ATXY model in Eq. (32) for all values of t and d like in the canonical equilibrium state. We now choose the initial state for the evolution as the zero-temperature state. In this case, to obtain m z (t) and other two-site correlators of the UXY model with d = 0, let us first define the quantities K R (t, φ p ), 
Classical correlators
Analytical expressions and magnetization S(t, φ p ) and M (t, φ p ) as follows.
and
Here Λ(x) = γ 2 sin 2 φ p + (x + cos φ p ) 2 andt = Jt/ . In terms of K R (t, φ p ), S(t, φ p ), and M (t, φ p ), we can express all the classical correlators and magnetizations of the time-evolved state (See Table II ). Following Eq1. (14), the nearest-neighbor two-site density matrix and hence bipartite entanglement (LN) of the evolved state can be computed. The time-evolved state is again insensitive to d when the evolution starts with the zero-temperature state and d < γ. The picture remains qualitatively similar for moderate values of β, which can be obtained through numerical simulations. In case of the ATXY model with DM interaction, we can also compute bipartite entanglement for all values of t and d numerically.
We now discuss the pattern of entanglement with time according to the phases of the initial state with different values of d. 2. If the system is initially in the AFM phase except the regions close to the PM-I or PM-II boundaries, entanglement persists for a large time even without DM interaction [21] . However, if the DM interaction is stronger than the values of (λ 1 , λ 2 )-duo or comparable, we find that
and L d=0 (t) denote LN with d being stronger than or comparable to (λ 1 , λ 2 ) pair and that without DM, respectively (see Fig. 12 ).
To summarize, with d = 0, entanglement sustains for large time only in a small region of the AFM phase. With increasing values of d, the regions of non-vanishing entanglement at large time increases in the (λ 1 , λ 2 )-plane (see Fig. 13 ). Moreover, the value of entanglement at large time also increases with increasing value of d. Therefore, the advantage of introducing DM interaction can clearly be observed from the production of sustainable entanglement at large time.
Let us now discuss the statistical properties of physical quantities in this scenario. In quantum mechanical system, ergodic theorem states that time average of any properties should match with that of the ensemble average [19, 20] . Otherwise the physical quantity is said to be non-ergodic. A given physical property, P, is said to to be ergodic if we can find a temperature T , such that its thermal equilibrium value at large time (i.e., P eq (T , λ ∞ 1 , λ ∞ 2 )) is equal to its time averaged value at large time P ∞ (T, λ 1 , λ 2 ), where T is the initial temperature of the system. In other words, P will be ergodic if we have max
Otherwise, P will be non-ergodic.
Bipartite entanglement, as measured by LN, is shown to to ergodic in case of ATXY model without DM interaction [21] . Here we find that in the ATXY model with d = 0, entanglement is always ergodic. This can be easily perceived from Fig. 13 , as the figure clearly shows that the maximum value of time averaged LN occurs for λ 1 = λ 2 = 0 for all values of d. Moreover, at λ 1 = λ 2 = 0 point, the system is not perturbed with time for the quench mentioned in Eq. (33) . Therefore, we have
, which proves the ergodic nature of bipartite entanglement in this model. If we choose other physical quantity, e.g. quantum discord [48] , which is non-ergodic in case of vanishing DM interaction [21] , we find that it also becomes ergodic if one sufficiently increases d.
VI. DISCUSSION
Almost 80 years ago, the importance of an antisymmetric interaction, known as the Dzyaloshinskii-Moriya (DM) inter- action, along with symmetric ones was realized, since it can explain certain features observed in some solid state systems. Recent experimental progress ensures that such system having weak as well as finite DM interaction can also be prepared and monitored in the laboratories. Therefore, emergence of new quantum phases in presence of DM interaction at zerotemperature as well as properties in the canonical equilibrium states and in time dynamics can be observed by using currently available technology. In this paper, we considered the quantum XY model with transverse uniform and alternating magnetic fields (ATXY) along with the DM interaction. We identified all the phases in this model by using proper order parameters. Specifically, we established that in presence of moderate DM interaction, there exists a gapless CH phase, which possesses high two-site entanglement. All the critical lines found in this paper via different order parameters can also be detected by examining the first derivatives of the bipartite entanglement of the zero-temperature state with respect to system parameters. Moreover, we found that vanishing entanglement surfaces in the parameter spaces of the ATXY model now becomes a volume in presence of DM interaction at zerotemperature. We found that introduction of DM interaction can be beneficial to obtain durable bipartite entanglement in the timeevolved states and hence the model can be a suitable candidate for realizing quantum information processing tasks. Moreover, comparing the behavior of bipartite entanglements of the canonical equilibrium and the time-evolved states, we concluded that the DM interaction invariably induces the model to an ergodic nature in its bipartite entanglement.
H p into four blocks of dimensions 2, 4, 4, and 6, such that
Using the form ofĤ p , given in Eq. (4), and
p is found to be a null matrix of dimension 2, whilê
Hence, diagonalization of the p th subspace of dimension 16 reduces to the diagonalization of the matricesH In the uniform field case, we use the same procedure to obtain the two-site spin correlators and the magnetization. To compute the classical correlators and the magnetization, we define the following operators.
where α, µ = x, y. After successive applications of Eqs. (10) and (12) 
Here, β = 1/k B T , T being the temperature of the system. As before, the correlator, C zz , can be computed using the Wick's theorem as . The closed analytical forms of the correlators and the magnetization for the zerotemperature state (i.e., β → ∞) are given in Table I . For thermal equilibrium state, the forms of the correlators and the magnetization are as follows: 
where Λ p is given in Table I .
Appendix D: Measure of quantum entanglement
We now briefly define a computable bipartite entanglement measure, logarithmic negativity [36] . The negativity [36] , N (ρ AB ), for a bipartite state ρ AB , is the absolute value of the sum of all the negative eigenvalues of the partial transposed state, ρ T A AB of ρ AB , with partial transposition being taken with respect to the subsystem A [49] . Mathematically, it is defined as N (ρ AB ) = ρ
where ρ 1 ≡ tr ρ † ρ is the trace-norm of matrix ρ. The logarithmic negativity (LN) [36] , defined in terms of negativity, is given by L(ρ AB ) = log 2 [2N (ρ AB ) + 1].
Its positive value ensures that the state has nonvanishing bipartite entanglement. 2 + γ 2 sin 2 φp = d 2 sin φp, such that 0 ≤ φ1 < φ2 ≤ π. For different system parameters, φ1 and φ2 are found to be the following. φ1 =φ1 and φ2 =φ2, when − 1 ≤ λ1 ≤ 1, φ1 =φ1 and φ2 = 2π −φ2, when λ1 > 1, φ1 = −φ1 and φ2 =φ2, when λ1 < −1, wherẽ φ1 = cos
).
Note that real solutions of φ1 and φ2 exist only when d > γ and λ
